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llyaclo])ti]l~;  Ncsicr’s4- cli~I]c]lsi()])  als])[:cial  c)rt,l)()]lo]]llalf  la]]lcts,tl  let, ct~aclccl  [la-
tio])s for VaCUU]I-I  gravi ty am ])ut i]lto Cx])licillyctiusal  and  syl I]l]l(:t]icl]  y])c]l)c)lic
f[)r]l),  illdc})c:])clc:llt  ofaT]ytilI]C slici]lg;  o]otlI(:Igal]gc()l  cc)o]cli])atc:s  ])c:cializato]l.



0.1. Intrc)duct)ion

●

Wc l)ave prcvious]y  givml  a W C]] set and causa l  mtcrior  diflcrcl)tia]  systcl]~  for
vacuum gravity,  gcllcratcd  by a c.loscd  set of diflt~rclltial forllls  describing tl~c
illllncrsioll  of 4- dilncnsiolla]  s])acctil)]cillto  a flat I(I dil]mlsiollal  sl)acc [1]. ‘J’llc
ortllollonna]  fralnc LUTICIIC, of t}lc  latkr  has  a canonical  Lasis of 10 (trallslat,iml)
l- forrl)s d’ and 4 5  (rotation)  1 -  forlns  w~j, satisfyillg  t]Ic strut.tlurc cquatiolls

o f  tll]c IJic grou])  1 S ’ 0 ( 1 0 ) .  ])ividillp,  tIIc rallgc  11 = 1,  ..,, 10 into  two rallgcs
~,j= ], . . . ,4 and A,IJ= 5,...,10, these arc

dw; -1 w: A wj + w;; A W: z (1

dw:-ltifAw:J4w~Aw:~  O

‘1’llc mtcrior  difl’crclltial  syskvn  is gc]lcratcd I)y 6 (il]llncrsioll)  I - forllls  o~,
tllciy  C. 1O S U I C  2- forms dwA : - wtA A Wi, altd 4 closed 3- forlrls cllsurillg  l/icci -
f]atllcss,  llaIrlc] y,  ]?ij A Wk Fijk’, w h e r e  ~ ]J’~.  : dw~ -/ W~ A W$ = - U~ A W: CICfj  IICS

{lIc llimnallll  2- forms.
‘J’})c sigl~ificallt rcsu]t  is t,}lc calculatioll of tl]c (;art,al)  characteristic ir)t,c~,crs

.s = {s[)>.$l> .s2, .$3 }  = {G, (i, 10,8}.

‘1’l)is  snows  tlic solutiol]s  h bc 25 dilllcl)siollal,  r egu la r  (i.e. , ill I)rilicil)lc  col I-
st,ruct,cd froll) a  nCStCC] s e t  of callc]ly-]<~)u)alcski i]lt,(:~;]at,iolls)  and  causal  (j.c.,

~~ 4 : 0, so the solutio~ls arc dctcrl]lil)cd  frolll suital~]c data set  o~] 3 dilncllsiollal
illllllcrsccl  IJlallifolds).  ‘I’l Ic solutio]ls  arc illvolutjory wii,ll rcs~)cct to Ui, wj aJld tij,
i . e . ,  t]]csc  rclr)aill  illdc]m]clcl)t  WI)CI1 ])ulld  l)ack i~lto a solutio]]  ]I]a]]ifolcl  and call
bc ado])icd  as a basis tlIcrc.

‘1’ltc six Lasis for~ns wj and 15 l)asis for]l]s wj, w’llicll occur o f  course  ill Lllc
st, ructurc  rclatiol)s,  do IIOt aplmar cxplicitl]y  ill tltc  e x t e r i o r  diffcrel]tial  sys(cIJI,

Sll Owi Jlg t}]c so]utiol)s  to bc Lul Idles IIavillg 21 dilllcllsiollal  fibers over a four di -
ll)cllsiollal  kc. ljvidcultly  t}]is cxprcssm  arbitrary 0(4) (or l,orcJltziall)  roi,atiolls
o f  tltc txtrad frallle w! a]ld O((i) rotatiolis  of tllc illlIllcrsioll  co-fralllc  w ~ at cac.] I
]milit,  of tl)c  lmsc. ())) a  four dilncllsioJlal  cross-scctiol]  all t,l]c forlJls call bc cx-
])alldcd  on tllc wi basis, the wj Ixillg  a ]~lct,ric  colllicctiol].



1]] Scctioll  2 wc g i v e  a ]Icw illlllmsioll  cxtc]ior difl’crm]tlial  SyStlCJIl f o r  vac-
Uul]] gravity  t}I.3t illcor~)oralxs  t,}Ic IIiglicr dill~cl)siollal  s~)ccial  ort}lollorllJal  fralllc
(11 S01{’) c.ollclitio~ls  ])roposcxl  by Nester [2] as a gc]]cralizat,ion  of t}]c s]~ccial  or-
tl]ollorlnal  frame conditions (S01”) ill tllmc dill]cllsiol)al  }iicll]alllliall  gcolllctry  [3]
[4] [5]. C a l c u l a t i o n  o f  the Cartan  Aaractmristic  inkgers for this cxtw
rior ciiffe.rential  systmn  for 4 dimcnsio]]al  }{imnan]liau geomdlr.y s h o w s
that it is also well set,  and causal, so tl]at, as Nmtmr  conjmturd,  such
frames can be imposed without impdimcmt in exknclccl  regions of vac-
uum spacdimeo Solutions arc Ilow 19 dill]cnlsiollal,  t,llc fibers CX])rcssillg ol]ly
arl>it, rary 0(()) rotatiol)s  of i}lc cofral]lcs.

‘1’l)csc  cxbior diflcrcmtia]  systc)l]s  il)cludc  all illtcgral)ility colldi(iolls  for t}lc
dctmlnillaiioll  of a IIlci,ric 01) tl}lc hasc, or oll ally 4 dil])cl)siollal  cross scctio]l.  IT I
I)crlns of base spare coordinates X1’ (j{ = 1,2, 3, 4), il]vcrtiblc IIlatricc.s  of functio])s
‘A,,(x)  allcl  ~AJ’(x) e x i s t  SUCI] that  ‘Al, j Al’ = b;, (i z ], 2 ,  3 , 4 ) .  We  il)troducc  tlIc
Millkowski  ]nctric, i.e.,

( )

1 0 0 0

~.i - 0  “ 1 0 0
‘q -

0 0 1 0
000-1

h raise al]d lower left, or l,ormltz,  illdiccs. ‘1’lIcII tlIc  ]miric  is give]] I)y g~{” =
7/ ‘~ L.A” [A*’. II]scrti]]g  d : *A,, dxl’ iIl t,lK: s t ruc tu re  cquatiolls  al)d i]] tflIC mkrior
diflkrclltial  systmlll  g ives  t,llc  ]mrtia]  diffcrcllt,ial  cquat,io]]s for coordinate  co]t)~m
11( ’his of t!llc  t’ct,rad field.

111 %ctio]l 3 wc reforlllulaic  tile lliglim  dill~e.llsiollal  sl)cc.ial  ort})oIlorJI]al  fra]]]e
syst,~ll] ill ~x])]i~it ~rt}lollorlIla]  tetrad c.o]]”l])ol )cl)t,s, Usill?;  t}lc SigIlatlll’C!  CX)llVCJltiOJl
sai,isficd by qij. \Vc usc t,}lc dyadic  forll~alislll o f  rcferm)ccs  [6) and [7], iJl w]lic}l
tlllc  unit  4- v e c t o r  f i e l d  4AJ’ is givcl~ a slwcial  II)calli?)g: it traces a co]lf,ruc~tm
of ti]tlclikc  world lillcs,  a 3 ~)ara]nct,cr “ f l u i d ’ ) of ~mi]lt  ol.mrvcrs,  to w’l)ic.11 ]))lysi-
c.al illtcr})rctatio]ts  of tllc 24 dyadic  a]ld 3- vec to r  cOJJI])O]ICIIts  of t}Ic col]]tcctio]i
aJc attril)utcd.  ‘1’hc t,llmc s])ac,clikc  u])it  vcct,mw ‘A1[ (cl =  1 ,2 ,3 )  a t  cac}l ~)oi]lt
collll)lct(c a local  ortlmlmn]lal  fral~lc for t,llc o b s e r v e r  tllcrc. Wc cx])alld  t,l]c s i x
1- folvtls Wj 011 the LLP , ti4 basis (a, b = 1, 2, 3), and  wc cx~)alld tl]r six 2- for~lls lt~
011 L]]c co” A o-$’, W“ A LJJ4 basis  subjcc.t,  to t}lc  Cmlditiolls  for ]/.icci-flatIlcss.

‘1’IIc 24 c,ollllcc,tiol~  cx)]nlm]lc]l~s  am grou]ml  illtm t}lc  fol]owillg  CI]SCJ]]I)ICS:  3 x 3
dyadics  K and N,  al~d 3-  vectors  a and  OJ. ‘J’}Ic  dyadic K  IIas col]]))ollcllts  A’,,b,
al Id c.aJ  I h J’CSO]VCd  il )to

Ii’at, = ,f’a~ - Q- fac~,
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w}l~l’~ L$”ob  is ~}1~ syl?llI”lCtriC  latC-Of-s~raiIl  3- tCllSOl  O f  t]lC Ol)sCI’VCI’  f]llid, aIld (IC
is its axial vcztor of vorticity.  or, ill coIlvc)licnt  I]ot4atiol~

wlIcrc  I is tlIc  u~lit  clyadic.  ‘J’l Ic dyadic  N is for]ncd  froIn tlIc ]li]w s])acdikc  l{ic.ci
10ta~i  OIl cocflicicIlts  o f  t,]lc Wa l)asis. ]t ]Ias coIIllJoIIc  IIt,s ATOb al]d call sill”]i]a?]y bc
resolved into a syIIll Ilctric ~)art and  al I axial  vector ?/=:

Agail] wc writmiIl  clyadic~lotatioll,

‘J’lIc  vcdor  w h a s  c.cmlI)oImIts w~ al~( I is tl~c t,ill)c-CicJ)cIlclcllt  angular vcloc.ity o f
tlIc  triad SCCII by all observer l~lovillg alolIg W4 , wit])  rcslmct  to a ~“cI’l~li-J)rolJaF;atcd
fra]nc.  Si]]cc w is a standard IIotlatiml  for angular  velocity this usage sltould  iIi
co JItcxt  IIot h diff icul t  to clisti  II F;uisl] fmn tJIIC 1- forItls L/ wc II avc used III) to
t h i s  JJoiIlt. (WIICVI lIcccssary , wc call writ<c tlIc  cmII~wlIclIts of al) angular veloci ty
a s  QQ.) ‘1’llc vcc.tor a l,as  co,,)~,o])c,,ts  Vd and  is  t}tc  accclcratimi o f  tlIc  ~)oillt
obscrvms,  i.e., tllcir  dcl)arturc  fro]n geodesic Irlotiol). ‘J’lIc vectors a and  w arc
ill l)rillcil)lc  dctcrl]]illcd ojmatiol]al]y  by olwcrvillg;  s})ril)g  I)alaliccs  and suI)~x)Itcxl
sJ)iIlllil]g  l)artic,lcs  ill t,l Ic local fra IJlcs. ‘1 ‘Jlc tell C.onlpo]lcllts  of t,llc  My] tel)sor
y i e l d  syInInctric,  traccfrcc dyadics  A aIId El, tlIc  socallcd  clcc.tric  and  IllagIlctic
tidal ficlcls.  ‘1’lIc quantiiics  A, B, K, N, a, aIId co arc dcfilied  ill tcrllls of t}Ic ~Al,,l,
ill [6].

‘J’IIc Clya(licfoIII]alislI)  is coll)l)lctcd  l)y tllIC  use of il]llcr and outer 3--clill-lcllsic)ll:il
lnultil)licatio~]  ( . a.Ild x ), a?ld l)y cmlvcc.tivc  derivatives (also kllow]l  as ul~it dcriva  -
tiolls)  i)] tlIc  tilnclikc  and sl~acclikc dircctiol]s  ( “  and  1) ). [Jse of 3-covarialit
sl)ac,clikc derivation  V’, rcla.tcd  to 1) I)y tlIc  3- co~lllcctioIl  N, oftcvl  is IIIOrC cflicimlt,

ilIall  tlIc usc of 1).  IMjailcd ex}msitiol) of this forll)alisll) , iJlc.ludi  Ilg tll IC various
3-  vector and dyadic  rclatioI)s,  tlIc rc]atiolls of 1)  and  V (illvolvillg  N), aIld tlIc
52 g;cIIcral first order dyadic  diflt:rel]tial  cquatimls  foI vacuu  III 4- gcol I]ctry,  are to
lx fouIId ill rc:fcrcllccx [6] altd [’7].

‘J’l Icrc arc soII~c  IIotaticnlal  cllal]gcs  of wllicll tJIc rca.dcr  s} Iould h aware, ‘J llIC
dya.dic. wc IIOW (a]ld  ill [7]) dmlotc  by N was ill [6] dmlotcd  by N*. l“or tllc  dyadic
N ill [6] (wllic}l was sy~nlnctric)  OIIC s} Iould IIOW ulldcrstal]d

N - (TrN) l-I 11 X i
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and for tlIc  vector L iII [6] OIIC should IIOW write I I.
SCxtiol] 3 also gives tlIe  12 additioIlal  dyadic  cquatiolls  s]wcializillg  to 4- diIncnsiolial

s])ccia] ort]IoIIorl  IIal fra,lllcx. ‘1’}Ic  iI1tcgralJility  l)ro]mrtics  of tlIc  dyadic  Cxluatiol)s
arc bricfiy  discussed tlIcw  i]] tmlns  of (;artall)s  rcduccd characters and  (~arta II’s
tc!st.

111 %c.tioll  4 WC prc%mlt cx~)licit]y tl)c cx)III]Jlctc: set o f  6 4  dyadic cquatioJls
rcsulti  Jlg frol~~ suhstitutioll  of dyadic  coInlmIIcIIts  iJ) tllc  llSOII’ exterior diffcraltial
systeII”l of sc!ctioJl 2. 11] these ecplations all time evolution has become
cwp]icit.  ‘] ’]Icrc arc 34 cquatio~ls  for the tilllelikc  derivatives of t}]c 24 coIIJlcctioJl
codficicxits  allcl the 10 Wc.y] COJII]JOIICIIt  S, @ctlIcr  with  aIl additiolla] 30 trallsvcrsc
cquatiol)s  ill wl~icl]  IIO tiJIlc de r iva t ives  al)~]car. IIy forlIliJ)g  al)~)ro~)riate  lillcar
c.olnbillatio~ls,  ~hc fiJ)al  cquatiolls  }Iavc lXWII  arra.llgcd  t o  SIIOW that, t h e y  IIavc
tlIc  salnc first order syJI)Jnctric  llylmJbolic  (1’OSl 1 ) structure as rcm.IIt forJl)alisJns
illvolvi  Ilg ])rcfcrrcd t,i Inc slices, dcsig[lcd  for al)plic.atioll  to liul~)crical gravity [8)
[9] [10] [11] [12].

A  l) UJ13bCV of kIIOWIl  aJld IICW “l)y~)crbo]ic rcductioIls” of tllc  17ac.uu]I1  field
cquatjio]]s,  and t,lIc cl)oiccs of gauge tllcy  allow, IIavc lmHI suJvcycd  by l“ric.dric.11
[] ~]. }]c uses bot,]I  tetrad forlI]a]isII),  aJld AI)M  variab]cs l)ascd  OJI ~)rcfc,rrcd t,illlc
slit.iltg. ~’})c r61c of the lliaJlclli  idclltit,ics  is cJIll~l~asi~,cd: t}lc  cquatioJls  for A (iJl
[13], E) aJ,d B which  ],ropagatc as s~,i,,- 2 II]asslcss fields (cf.,  e.g., [6]), arc givm)
ill IJOSII  forl~l. ‘1’hc 11’OS1l cquatio]]s  obtaiJlcd  i~l t]Ic ])rcsm]t ])a]m IlcccssaJi]y
il)cludc  t]lcsc.  ~Tcst,cr’s CxHlditiolls  0 1 1  t,]lc’ t,ctl”ad  COIII]mIICIItS  of t}lc  coil Jlcc.tioJl
IIowcvcr  leave lIo furtllcr  frccdolll  iJ] Choice of gauge (or fJaJlle),  and scclIl Ilot to
IIavc bccII }mwious]y  USCX1. ‘i’lley result, i]} 14’0S}1 structure with constant
coc.f[icients,  and force all the dependent  var iables  to  evolve along IIUI1
Collc?s.

AII aJlalysis  using Cart, a?l’s test S}IOWS  that iJi tlIc ~)rcM:IIt case tl]c  o b s e r v e r
f lu id  Jlcccssarily  IIas vorticity,  i .c., OC + O ,  s o  it is ]Iot 3- s])acc ort}lollorlllal,
a J Id  OUJ. sl)ccial  ort}lolmvnal  fraJllw5 i,llcrcforc  caTIJlol h b a s e d  tllcrcforc  OII a
])rcfcrrcd slicing.  Ncvcrtllclcss,  tlIc relat ive sill]~)licity  of tllcsc  cquatioJls  IIlay bc
advantlagcous. No la~m or shift variahlcs have LCCII  iJltroduccd.  of cwursc, usc.ful
r e l a t e d  coordil]atcs  caJl still bc found. ~’wo arc suggested iJlll  Ilcdiaicly  I)y t,lIc
Cxa.ct  ~- forJns iJl t]ic  cxtmior  difhwlltia]  systcJII,  and  wc IIotc ill Al)lmlldix  ] t]lai,
t]Ic c]yadic co Iic]itio  Iis for a }Iarlnc)llic  tiJIIc]ikc coordil]atc  arc agai J) of first  o rde r
sylIllll~tric,  ]ly~)crl)o]ic  (]~os]])  forIIl, so caJl siJlll)ly  l)C adclcd to Our r e su l t s .

A  SiIIli]al”  ap])]icatio~l of sJKxia]  oJ’t]loJloJ”llla]  fralnc!s  caJl k! Inadc fen” 2 + ]
g r a v i t y ,  agaiJl lcadiJlg  to a collstaJlt  cocflicicJit  14’0S11 systclI1. ‘ll}IiS  is out,liJ]cd  ill
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Appmlc]ix  2.

0.20 Higher dimensional special ort honorma] frames

[Jsil]g eight  IImV variab]cs yi aIId z; (i L ], 2,3, 4), wc InwloIIg  tlIc ]Jrcvious]y  givcnl
ilnlncrsioll  cxtlcrior  diflcrclltial systcl  II for vacuul  Il g r a v i t y , wit]} two  addit, iolla]
exact, 2- forIns, two  aclclitioIlal 3- forll)s,  aIIcl tllcir C1 OSUIC 4- for~ns.  ‘J’hc 3- forlns
aIld 4 -  follns  mscnltlially  dcfillc  tlIc  y~ and  2.1 ill tclllls o f  tj)IC collllcctioll  forlns
(tllc w; ])u1lccI back illi,o  tlic solutiol]s),  al]d tlIc  2- for}Ils require tlIeIII to satisfy
liarita-Sc}lm’iIlg;(:l  cquaticnls. WIICII  cxIMIIdcd ill tctracl cxMmmIcI~ts ill %ctioll  3
it CaJI h vcrificc]  t]lat i,his is ])?ccisc]y N e s t e r ’ s  }]rcscri~)tioll. ‘J’lIc gmlcrators  of
this exterior diflcrmltial  SyStlCIII iIl 63 diIneIlsioIls  arc:

s = {6,8,14,16} ,

tl]c:rcforc  tJIc exterior  Ciiffcrclltial  systcll]  is wcl] set aIId causal; solutioIls  arc 19
dilncllsiollal,  filmrcc] over 4 dilncllsiolls. ‘J1lIC w; do IIOi apJwar iIl tlIc ext,crior  dif-
fcrmltial syshn,  so the fibcm  cxl)rcss  co-fra]nc  mtatlioIl. IJut  tllc  w; arc cx~)licit,ly
])rcscl)tl  so fral I)cs arc s~)cc.ializcd and  dctcrlJiiltcd  u]) to a sil Ilultlal]cous mt,at,ioIl
at every point.

Sillcc  t}Ic two 2– forII)s arc exact, two furtllcr variables call h added, say <
all[l  7/, hgdllc!r Wit}l 1 – fc)rlns

d( ‘-  jJiWi ,
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d?! - 2JJ.

‘1’llcsc  slIould  bcuscfu]  f o r  il]trcxluci]lg  iIltrillsicc[Jor{liIlatcs  illlx) t,lIc llSol’’fol-
lnulation.

0.3. The dyadic components of the cx)nnwtion forms b+ and
Ricmann forms I?;

Now wc cxl)a]]d  the u; 011 LO’ ,  ddi]li]lg  i,]tc M 3- dyadic  aIId 3 -  vector C.OIII]X-
II CIIt,S  K, N, w, a]]cl a, su]]]]l]arjzd  i]) the IIitductio]l aI)d dcsc]jkd i]) dctai]  ill
Icfcrc])ccs  [6] and [7]:

(J23 ,- -- LJ+2 =. N21UJ2 + N:+1W3 + A’ll LO] – w1ti4

l+] = – W]:i Z- AT:32L03 -{ A’, PW] -I A122W2  - W2
W

4

ld~4 = -W41 : K,, (J’ -1 K,2W2 -{ K,:+d +  rl]w4

U24 , - Ld42 ~ 1{22W2 + I{23LIJ:3  -1 I’(z] W] +  a 2 w 4

L034 =- - ld43 : K~~wF -{ K:\] w] + K32L02 + CPW4 (2)

WC a l so  cx~)a~id i,}]c liiclI]aI)Il  2- forl~ts  OJI a basis  collsistiIlg  of w“ A U4 and
L/ Awb (a, b = 1, 2, 3), to dcfillc  (i]] t]Ic ]iicci-f]at case) sylnlnctric.,  trace free, Wcy]
dyadics  A al)d B:

1{23 = - 1{32 =- ]), ~L02AU4-f  ]],:3W:3AL04  -{ ]], ,Lc)] AW4-/  Al 2W:3AW’ -1 A13W’ /fw2-l Al ~W2AWz+

R:<, ~ - ](1:{ z ]12:+W;+AU4  -! 1121 w’ AW
4 -! I)22W2AW4  + A2:<W] Aw2-/  A21 W2AW3-/  A220J:3AW1

]i?14  = -- II?41  = Allw] AW4+  A12W2AW4-I A,3W:4AW4-{ ]I,1W2AW3-{  ]112WZ+AU]  -I IJ1:,w] AW2

]{24 = - ]{4 2  =- A22W2AW4-I  A2.W3AW4 + A21W’ AW
4 -i B22W:{AW’  + I)2:+W1 Aw2-/ l\2, W2AW3

1(:34 F - lt43 =. A33W3AW4+  A31 W] AW4+ A32W2AW4 + II:33W]  AW2+ 11:,1 W2AW:{-I 1L+2W3AU1

(3)
‘1’IIc 10 VVcyl COIII~mIICIItS  s a t i s f y  Aob z AL.,  A~o : 0, l~~b = ]~bo, aIId 11,0 z 0.

It calI h verified that  tlIc  ILicvllallll  syllllllctrics ale satisfied, Ilall]cly,
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aJId also that  t}Ic four 3- forlI)  col]ditiolls  for Ilicci-flatIlcss,  l)alI)cly,

IIavc bccII iI~l])oscxl.
ltrOIn tllc 3-  forlns of (1 )  wc cmt IIOW find tlIe coIn~xuIcIIt  cxl)allsio~ls  of  !,IIc

f ields ~i and ,z~, 011 all intcgra] I]lallifo]d of t)ic CXkJ’iOJ’  diffcrcIltia]  systcJn.  ‘J’]ICSC
am givcII  by t,hc followilig:

z,: (.#, - z’) = (Kil - cu,7’r  N). (5)

Wc could  altcr]]ativc]y  IIavc used vectors  211 z N ~1 and ’20= K xl. ‘]’IIc twe lve
dyadic  fiIst orclcr cqua,tioIls  arising  frol Il tlIe  two  additimlal  llSOIJ 2- forIIls t)lc]l
arc:

V(Y’r K)-I (7’r K)a-i (Nil-- a)”-{ K. (Nxl- a)+ w x (Nil- a) = O (6)

V x (Nxl- a)-! (l’r K)Kxl  = O (7)

V(Y’7N)+ (~’r N) a -  (Kxl - ~~)”- K.(Kx I- w)- w x  (Kxl)  = ( ) (8)

V’ x (Kxl - w)- (? ’7 N)Kx  I : 0 . (9)

‘J’lIc  sets of first orclcl  cxluatioIIs we lIavc derived, ivllcrc  t,lIc dyadic  mIII))OIICIIt  S
arc takcl]  as dCIJCIId CIIt varia,blcs  aIld t,]Ic  OJ* foIIIl  aJI iJId C1)CJIdCJIt  basis s~t, IIIa JT I.)c

aIIalyzcd  altcmlativcly  by aI)otl]cr  of Cartzul’s  tccll])iqum.  We nlust  k n o w  that,
the set includes all integrability  conclitions,  and  it IIIUSt also h ~mssil)]c  to
wJjtc a]) cxtm-ior  diffcrcultia]  systcJII SUCII t]lat,  tlIc left, }IaIId sides linearly iIlvo]vc
exterior dcrjvaiivcs  of tlIc  dCJmIdCJIt  varia])]cs  (e.g., 110 tcJ”IIls  of t}Ic foI’In d)f~b A
dNc~), w]li]c  t]Ic  rjght  ]IaIId s ides  oIIly iJIvo]vc  for~lls j]] t}Ic ado])tcc]  iI)dclmIdc I]t
basjs (]ICYC w*, ti}iAti~,  c!,c. ). Socallcd  rcducecl  c)laractcJ’s s: arc t]lcJl coIlvcllicJlt]y
cx)l])]mtd  fro]]] ~hc lcftl-llalld sides almlc , aIId  Cartan’s  test  i s  to  Cdlc.ulak
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If’ h is equal to the Tlu]nber of ilIdcpcJIdcItt  first  ordm cquatio]ls,  OJIC has cstablisllcd
illvolutivity,  t}]c  W C]] set IIature  of tl]c l)rol>lcln.  Mormvm, if

t,hc Cauclly-Kowalcski  solutioIts  arc u]liquc  a~td causa l .
‘J’ltc  52 .gcn]cral vacuull)  dyadic  equatiwls  [6] [14] were of this forln,  havil~g  six

‘2- forlns and six 3– forms ill 34 dc])cIIdcIIt  varialjlcs, ‘1’lwir left lIalId s;dcs  am:

d]]ab A Wb -{ ~; dAob A Wc A Wd dcd.

\Vc  calculate s’ = {O, 6, 12, 1 O} , so 1/ = 52. ‘J’l]crc am l]owIcvcJ  s: = 6 arl)itrary
functions  ill LIIC solutiol]. ‘J’lIc IICW 11 S01’  syskm of dyadic equatimls  a(ljoills  12
cquatiolls  ill two additional  2- forllls  to cx~)rcss  cquatio]ls (6)- (9). ‘J’llcir left }Ialld
sides arc:

d(2T~o - an) A  W“ -I  d(7’To  K)AU4

d(xla - WQ) A tic - d(Y’T N)AU4.

‘J’l)c rducd characters arc s’ = {0,8, 14, 12} , 1~ = 64 and s; = ().

0.4. TIIC FOSH dyadic equations

l,i]lcw co]nbi]]atio]]s of t,l]c 52 gmlcral  dyadic  cxlLlatioIls  and  tlIc 12 IICW Coliditiolts
duc to NcstcI caJ) IIOW easi ly bc IIlaclc to ~)ut t,l]c rcsu]t ill 1~’OSIl forlll.  ‘J’llc  result
is 34 cquaticnls  illvolvillg;  t}lc  til~lc derivatjvcs  and  sylril]lctric  sI)acc derivatives of
tllc dyaclic  variab]cs and A a]]cl B, aIlcl 30 ‘(collstrail]t”  or hallsvcrsc  rdatiol]s  IIOt
illvolviIlg  tilnc derivatives. Wc g ive  tllclll  ill tllc  fo]lowillg,  writtml ill ful l  wit,l}
tlieir  right, IIal]d  sidm:

a- V. K7’+V  X@= -  KiN -  w. N-I [Y’7N)L4J-{2K.  n ( l o )

w  -{ V . N7’ - Vx a = - (7’r N)a-I (X2- w) o K- 2( Y’r K) O- 2n. N (11)

K -  aV- 2Vn-12n  V = - K. K- 2(1’TK)Qx  I - w x K-I K xw-l aa- A (12)
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N - I  wV+2VQ- 2S2V = - K* N- w x N; Kxa- au- 2( Y’r N) fLxl-I B. ( 1 3 )

WC ]IIclItio]I  ill ~)assillg tl]at usilIg; 11 illst,cad o f  V ill gmlmal  I[lakm  t,hc right
l)alld siclcs of these equatimls  less col)cisc. ‘1’l]c ]Jrol]]i]lmlt  cxccl)ticm tc) t}lis state
lrlcllt,  i s  tltc first cxquat,ion,  wllic]l  l)ccoIIlcs lIoIIIogcIIcx)us  and li]lcar:

IIcm it IIas lxcII co]]ve]lic]lt  to usc n a]ld 0, a]ld V call o p e r a t e  fmlll  tlIc rjght

a s  wcdl as fmIn tlIc  left, tm cxl)rcss  tra~ls~mscd i]ldic.cs. It is lxst  h IdIIm h tllc
]Ii]lc  coIn]mIIcIIts of K and  of N to see t]tc  1“OS11 structure; e.g. write (2 Vn)ll z
F7]NM -  \7]A’’sz, (211V)23  = VSATS] -  V,,A’,3, (2fW’)2, = Vzlf:,] -  V21{,:,, ctc.
‘J’IJC left IIa]ld  sides  of tlic cquatic)]]s arc a lillcar  oJmator  slIowJI ill }“igurc  1.

‘J’lIc  24 constraint  ecluatiol]s  ]Iot colltaillillg  till~e derivatives arc:

VxK=2Qa-B (14)

V x (a- 211) = 2(!/’? K)Q (16)

V  x  (w- 2Q) = - 2(Y’r  N)fl (17)

]]y taki]lg  a sccoIId till]c derivative of t]Ic 11’[)S]] cquatimls,  ~mlllutillg  spacx!  a]ld
ti]]]c de r iva t ives ,  and substilutill,g  lmck hot]] tllc 11’OSII  and  tllc  co~lstraillt  cqua-
tiolls,  it call I)c SCC]I  tllalj  tllc dyadic  varial~]cs  all ~)rolmgatc  c a u s a l l y  along  IIUII
Co]lcs.

‘J’IIC 1 /0S11  cquaiiolls  for tllc  \l~cyl  COIII}mIICIItlS  are. t]Iosc for t,lac,c]css  t,ldIIs -

vcrsc ]nass]css  s})i]l- 2? f ie lds (dyadic  a]]d IIia]lclli  ide]ltitics,  lillcarly  co]l]l~illcd)

2B -

BXW-WXB  - Axa-l ax A-

2A -1

VXA+A XV=

Kq’. B-I B. K-  2(!/’r K) B-I K x  B - I  B  x  Kx x
(18)

VXB-B XV=

Axw -  UX A-{ Bxa-ax B-\ Ky’.A-\  A. K-2(7’r K) A-t K  x  A-1A  x  Kx
x  ( 1 9 )



with ccmst,rail)t cquatiolls

V.AZ -  K~B- 4$2-B (20)

V . B = KxA-I 4$2*A. (21)

‘1’IIc left llalld  sides  of tl]c  IIiallc.}li  cquatio]ls  arc tl)c lilicar  o]mator givm] ill l~igurc
2.

l’illally,  it slmuld  bc rmnalkcd that ml] dcrivatimis  fro~l] WC1l set cxtcr;or cliffcr-
clltial systc]ns  obviak  ally ]iccd to verify  tl)at t}]c trallsvcrsc  constraint  cquatiol]s
(I,ot  i*,volvi],g ti],lc derivatives) a*c c.o,,]*,atiblc witl) t},c l{’OS1l systmn, al,d tl,a{
t}icy arc pro~)agatml  illvarialltly by it.

0.5. Appendix 1: Harmonic and m-moving  coordinates

‘1’}IC fonnulat,ioll  of this IJapcr  is coordillatc-free and  gauge illdc~)clldcllt.  It may
}iowcvcr a l s o  IN of usc to hricfly  IccoId  lIow a  IIarl]lollic  tilnc C.oordillatc a]ld
cc)-lllovil)g;  (wit]) 4A)’)  s~)acclikc coorcli  I)atcs  CaII be adol)tccl.

I f  i]] coordil]at,c  lallguagc ti,,,, g~’” = O (//, v =  1 ,  . . . , 4), tllc  tetrad  version,
i])troduc.illg  f i e lds  ~J = i!, A = vi,, is

A-17#= -K. A-wx A-I (#m

~,- VA= a. A- ~,(L!’r K)

VXAZ 2qX2

‘J’llis sd c:ol)sists  o f  four  1“0S11  cquatiol]s  ])lus 3 tral~svcrsc  co]lstrail]ts;  it call he
added to, and solved si~]l~lltallco~lsl}~  wit]),  tl)c  cquatimls  ill %c.tie]) 4.

b lnovi]lg  spacc]ikc coordinates, say XC’ (CY = 1,..., 3), such t}lat P z O arc
foulicl by scttillg  eO =- Vxa, alid tllc illtcgral)ility c.ol]ditiolls for t}lis  arc

W’c II av(! fou 11 d W]losc!
]{,~a]  11~]] ~~,1~. ~~le

C! , and  also calculate



III covariallt  4 – vector tcmns,  tl]c  coordinate  co]n]mm)ts  of tl)c  Mrad vectors take
t!llc for]]]

‘A”=- (0: a:)

(
‘A,, : ‘Act.  ~,- IAa ~Yl

)

‘J’]]c ort]lollorlna]  triad  cx)JIl~mI)c]Its  of t,l~c vector  A arc wrjt,tc]l ~ AC’ A,r.

0.6. A ppmdix 2: 2 + 1 dimensions] gravity

AII cult,ircly  }mrallcl dcvclo]))]]cl)t  call }JC ]~]adc o f  s~~ccial  ortl,o],or,na]  fral,,cs
(S01”)  ill 2+ 1 gravity, ‘J’}lc mtmior  diffcumltial  systcln for ill)lncrsioll  of 3- dit[lmlsiollal
flat s~mccs ill t,l)c 21 dilncllsiollal  ortlIolIorIIIEIl  fral~]c hulldlc ovm (i clililcvlsiollal  flat
s])acc,  W]licl]  is gcllcratccl  by tl]c  usual ilnl[lcj’sioll  forll)s w A a]i(l dwA (A = 4 , 5 , 6 ) ,
al)d (IIIC l{icll]alljl  2- forIlls  l{; (a, /J, c =  1 , 2 , 3 ) ,  JIM s =-- { 3 , 6 , 3 }  aIId g 2 9. WC

add a 2- for] n
w: A Wcfjr -i y~ub A Ucc:br,

a 3- fc)rIIl
w.b A W~ A Wb - .ZWJ  A W2  A W:+

a n d  tllcir c]osurcs,  to i~ltroduc,e 4 I)CW variab]m y ~, a~)d .z, so  tllc  cxtmior diffcr-
m)tial  systmn is prolol)gcx]  to a total of 2,5 dill]c~)siolls. ‘J’llc  Sol’” collditiol]s  arc
illl~)oscd  as two additiw]al  Cxactj  forIJ]s (wl Iicl I ~)mloIIg, or adjoin)  so]ut,iol]s  o f  a
lillcar l)irac cquat,io~) [4 J), llalljely,

d2

d(yawa),

Now tlIc  Cartm] cl]aractcm SIIOW tllc  cxtmior d; ffcrc~itial  systclrl  to lx:  WC]] set a]~d
causal wit]]

.s = {4,8,7} ,

zil Id ,9 =- 6. Solutiolis  am 3 -  ])aralnctcr co fral]lc  mtatioll  l)u IIdlcs OVCI 3- s~)acc,
dctmI)iIlcd  by causal  il)tcgratioll  fro~n 2- SIMCCS.



OIthoIlorIIIal  triad  forl~lalislrl for 3- gccnnctry  y i e lds  9 cquatim)s  for 9 l{icci
rotaticni  cocfficim)ts  grou]d  ill a dyadic. N:

VXN++N; N=()

‘J’l)c  SOII’ co)lditim]s  require tllc idclitificatioll  of 2 ns 7’7 N and tllc  y. as tllc
Colnponc!llh  of n : ~N xl. ‘J’o  t)]c IIilic cc]uatiwls  for a flat  3-- I]]aJ]ifold  arc addd
six S017 quatio]ls:

V(Y’7’N) = ()

Vx 11= 0.

IIlscrtil]g  a -1 corrcsI)oxldillg  to til]]clikc  signature  of t,lIc 3 dircct,io]},  t}]c: co]])})lctc
set, falls  il]to  1“OS11 forll) witl~  6 tral)svcrsr  t:quatliolls. ‘J’lic left IIalld side of t]IC
cvolutiol  I o]mator  is givml  ill ]~igurc 3.
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